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Krylov vectors and the concept of parameter matching are combined together to develop a2 model reduction
algorithm for a damped structural dynamics system. The obtained reduced-order model matches a certain
pumber of low-frequency moments of the full-order system. The major application of the present method is to
the control of flexible structures. It is shown that, in the control of flexible structures, three types of control
energy spillover generally exist: control, observation, and dynamic. The formulation based on Krylov vectors can
eliminate both the contro! and observation spillovers while leaving only the dynamic spillover to be considered.
Two examples are used to illustrate the efficacy of the Krylov method.

I. Introduction

MAJOR difficulty in the control of flexible structures or
any other large-scale system is, in the words of Bellman,
the “‘curse of dimensionality.”” A flexible structure is, by na-
ture, a distributed-parameter system, and, hence, it has in-
finitely many degrees of freedom. Even approximate struc-
tural models obtained by some discretization approach are
generally still too large for use in control design applications.
Therefore, model order reduction plays an indispensable role
in the control of flexible structures. Usually, model reduction
of a structural dynamics system is performed by the Rayleigh-
Ritz method, which transforms the system equation to a
smaller scale by using a projection subspace. It is indisputable
that the choice of projection subspace is important to the
accuracy of the reduced model. The eigensubspace, or the
normal mode subspace, is frequently used for projection be-
cause it has a clear physical meaning and can preserve the
system natural frequencies. However, with regard to the accu-
racy of system response, numerical experience has shown that
preservation of the natural frequencies is usually not the only
- concern. Other than normal modes, there are other static
modes, e.g., constraint modes, attachment modes, and inertia-
relief modes, which are frequently used in component mode
synthesis.! In this paper, Krylov vectors, which can be consid-
ered as static modes, are used for model reduction. There has
been quite a bit of research concerning the convergence and
efficiency of Krylov vectors in application to eigenvalue analy-
sis and to the structural dynamics model reduction problem.?-
Krylov vectors are also efficient when employed in general
linear system and controller reduction problems.%’ The major
purpose of this paper is to discuss the possible application of
Krylov vectors to controller design for flexible structures.
The structural dynamics system studied here is described by
a second-order matrix differential equation together with an
output measurement equation. To perform model reduction to
a structural dynamics system in this input-output configura-
tion, the concept of parameter matching for general linear
system model reduction is adopted. Parameter matching con-
stitutes a class of efficient methods for model order reduction
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of general linear systems.’-'2 A parameter-matching method
constructs a reduced-order model that matches a certain num-
ber of system parameters, for instance, low-frequency mo-
ments and/or high-frequency moments. However, all previous
parameter-matching methods deal with systems described
either by transfer functions or by the first-order state-space
form. To apply the existing parameter-matching methods to a
structural dynamics system, it is necessary to put the system
equation into first-order form. There is some disadvantage to
this approach, namely, the symmetry and physical meaning of
the system matrices is destroyed. Therefore, one contribution
of this paper is that, for the first time, Krylov vectors and the
concept of parameter matching are combined together to de-
velop a model reduction algorithm for a second-order system.
The reduced-order model obtained has the property of param-
eter matching. Thus, Krylov vectors not only have significant
physical meaning but also have this association with well-
known model reduction methods. Although there are two sets
of system parameters, low-frequency moments and high-fre-
quency moments, the present method matches low-frequency
moments. In this case, the reduced-order model aproximates
the lower natural frequencies of the full-order model.

The second contribution of this paper is that, to the authors’
knowledge, this is the first time that damping has been directly
taken into consideration in generating the Krylov vectors of a
second-order system model. All previous model reduction
methods based on Krylov vectors include only the mass and
stiffness matrices in the algorithm. Reference 6 shows that the
frequently used Krylov vectors can indeed produce a reduced-
order model with the moment-matching property for an un-
damped structural system. However, if the Krylov vectors gen-
erated for the undamped system are applied to the damped
system, the reduced system no longer possesses the parameter-
matching property. Therefore, a more appropriate algorithm
should include the damping effect. A Krylov algorithm for
damped structural systems is proposed in this paper.

Finally, the major application of the present model reduc-
tion method is to the control of flexible structures. A basic
topic in the control of flexible structures is how to reduce the
spillover of control energy, which is a direct result of model
reduction. Spillover of control energy from the controlled sub-
system into the residual subsystem usually degrades the con-
troller performance and sometimes may lead to stability prob-
lems. It is noted in this paper that there are three types of
spillover: control, observation, and dynamic. The transformed
system equation in Krylov coordinates turns out to have dy-
namic spillover but no control or observation spillover, which
is the major difference between this method and the normal
mode method.
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This paper is organized as follows. In Sec. II, first the
parameter-matching method for general linear systems is
briefly reviewed; then the parameter-matching model reduc-
tion algorithm for structural dynamics systems in second-order
form is developed. In Sec. 111, the characteristics of spillover
are depicted, and a Krylov formulation for control of flexible
structures is derived. In Sec. IV, a model reduction example
and a flexible structure control example are used to illustrate
the efficacy of the Krylov method. This paper is concluded in
Sec. V.

II. Model Order Reduction
by Matching System Parameters

In this section, we first review briefly the parameter-match-
ing model order reduction method for general linear systems
described in first-order state-space form. Then we extend the
concept of parameter matching to a structural dynamics sys-
tem, which is described by a second-order matrix differential
equation and an output measurement equation.

A. General Linear Systems
An nth order, linear, time-invariant system is described by

2=Az+Bu, ZE€R™, ucR’

y=Cz, = yeER" (¢))

for which the transfer function G(s)=C(sI —A)~1B can be
formally expanded in a Laurent series around s = o as

G(s)= ;}CAiBS_i_l 2)

If the system has no pole at the origin, then the Taylor series
expansion of G(s) around s =0 yields

G(s)=EO—CA""1Bs" 3)

From Eq. (2), we get a set of system parameters {CA'B|i
=0,1,...}, which are termed Markov parameters®!! or high-
frequency moments.!? From Eq. (3), we get another set of
system parameters {CA ~'B|i=1,2,...}, which are termed
time moments®!! or low-frequency moments.!2 These two sets
of parameters constitute pieces of system data for the triple
(A, B, C). They provide a data base for system identification

[for instance, the Eigensystem Realization Algorithm (ERA) .

method!®]. In the model reduction area; one school of ap-
proach, called the parameter-matching method, seeks to con-
struct a reduced-order model such that it matches a certain
number of parameters of the full-order system. In Ref. 12
Villemagne and Skelton provide a toolbox for producing pa-
rameter-matching reduced-order models. The reduced-order
model is obtained by an oblique projection approach and is in
the form

Zr=Agrzr +Bru - zZp€R’

y=Cgrzr @

where r<n, Ax=TAR, BR=TB, Cr=CR, and TR =1,,
with T and R the left and right projection matrices. It is shown
in Ref. 12 that if 7 and R are chosen such that span[T]
=span[(AT)~?C7, (AT)-P*+1CT, ..., (AT)4CT] and span[R]
=span[4A 5B, A—S*1B, ..., A'B] with p, ¢, s, t=0 and
D +q =s +t, then the reduced-order model matches p + s low-
frequency moments and g + ¢ high-frequency moments. That
is, CrA4Br=CA'B, fori=—-p—s,...,q +t.

B. Structural Dynamics Systems

A structural dynamics system can be described by the input-
output form

Mi+Dx+ Kx =Pu (5a)

y=Vx+Wx (5b)
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where x€ R is the displacement vector; u€ R’ the input vector;
YER™ the output measurement vector; M, D, and X the sys-
tem mass, damping, and stiffness matrices, respectively; and V
and W the displacement and velocity sensor distribution ma-
trices, respectively. The damping matrix can be general damp-
ing, but it is assumed to be symmetric. In most practical cases,
we can assume that / and m are much smaller than ».

The frequency response solution of Eq. (5a) is X(w)
=(K +jwD — w*M)~'PU(w), with X(w) and U(w) the Fourier
transforms of x and u. If the system is assumed to have no
rigid-body modes, then the output frequency response can be
formally represented by a Taylor series

Y(@)=(V +joWH—w’M+jwD +K) 'PU(w)
=(V+joW)I +jwK D —w?K M) 1K ~1PU(w)

(V+joW) K~ M —juK ~'DYK ~'1PU(w)

Lbs

i

{VK"P +jo(W = VK~'D)K~'P + [ VK ~'M

+WK-'D-V(K-'DP|K'P+--JUw 6

The low-frequency moments are defined as the coefficient ma-
trices in the previous expansion series.

To arrive at an algorithm for constructing a reduced-order
model that matches low-frequency moments, it is easier to
start from the first-order formulation. The first-order differ-
ential equation equivalent to Egs. (5) can be expressed as

v I8 S

: X
y=[V W]{x} (7
or
Mi+Kz=Pu
y=Vz ®)
with
. | D M |k o
M=[M o}’ K=[o —M]
ﬁ=[€], V={V W] )

In standard state-space form, the system equation is '
g=—=M"'Kz+M'Pu
y="z (10)

Recalling that CA —!B is the low-frequency moment for a sys-
tem described by Eq. (1), we can notate the low-frequency
moments for the preceding system as

Ti=V(-M~'R)"M~'P=(-1yV(K~-'My-'K~'P
i=1,2,... (11

It can be shown that V(K ~M)K~'P is equal to the coeffi-
cient matrix associated with the (jw)'~! term in Eq. (6). This is
not a coincidence, because the definition of low-frequency
moments is based on the Taylor series expansion of the output
frequency response, which is unique whether the formulation
is of first order or second order.
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To apply the existing parameter-matching model reduction
methods to a structural dynamics system described by Eqgs.
(5), it would be necessary to start from the first-order state-
space equation, Eq. (10). If this were done, then, of course,
the reduced-system equation would be in first-order form.
However, there are at least two reasons that this is not the best
approach. First of all, there is no guarantee that the reduced-
order model would be a stable system. This is, in fact, the
major shortcoming of the moment-matching approach based
on a first-order formulation. The second disadvantage of the
first-order formulation is that the symmetry and the physical
meaning of the system matrices would be destroyed. Struc-
tural dynamicists usually prefer a second-order formulation.
That is why we seek a projection subspace that can be em-
ployed to perform model reduction on the second-order equa-
tion and can produce a reduced-order model with the moment-
matching property.

Before formulating an algorithm for generating the projec-
tion subspace, we can use Eq. (11) to develop a Krylov recur-
rence procedure. Substitution of Eq. (9) into Eq. (11) gives

. —-K-'D —-K-M|I-HK-P
Ti=(-D1V W][ 7 0 ] [ 0 ]
This suggests the following recurrence formula ‘
a -K-'D —-K-'M}| Qf
En [ -
Q' I 0 o

or, equivalently,

Qft1=-K~'DQ} ~K~'MQ} = —K ~'DQf

—K—'IMQ;i_l

0\ =0 | (13)

Superscripts d and v denote displacement and velocity portions
of the vector, respectively. The matrix containing the gener-
ated vector sequence is called a Krylov matrix and has the form

[Qf’ of of ]
o of of

According to the preceding form, we have the following
theorem concerning the choice of projection subspace and the
moment-matching property:

Theorem: Let

LP:[Q{’ of of - Q;,’]
o of of - o,

be the Krylov matrix generated by Eq. (13) with X~'P the
starting block of vectors, i.e., Qf =K ~'P, Q/=0, and let

Lo P P{ P{ . PZ
"“lpy Pf P ... P,

be the Krylov matrix generated by Eq. (13) with K-V
the starting block of vectors, i.e., Pf=K-'VT, P}
=—M~'WT If L=span[Qf --- QJP{ --- PJP}] is chosen
as the projection subspace for model reduction of the struc-
tural dynamics system described by Eqs. (5), then the reduced-
order model matches V(K -'MYEK-1P, for i=0, 1, ...,
p+g+1.

Proof: The proof is recursive. First, the reduced- system
equation is expressed in the form

LTML%+LTDLx+LTKL%=LTPu

y=VLi+ WLk 8
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with x = Lx. If we define

[ L 0
“lo L
then the preceding equation can be rewritten into the form of
Eq. (8)
L™MLi+LTRLz=L7Pu
y=VLz 15

for which the low-frequency moments, according to Egs. (11)
and (8), are
(VD[(LTREY-ML™ML)|'-YLTRL)~'LTB, i=1,2, -

Next, we have the following property: If a vector v is such that
K-1v is contained in L, i.e., K~'v=La, then

E(LTREY LTy = L(LTRE)'LTR(K ~'v)
=L(LTRE) ' LRLa=La=R'v
By using this property and the fact that (K IMYR-'P, i=0,
1, ...,p,and (K- 'MYK-VT,i=0,1, ..., g, are contained
in L it can be shown that
L{(LTRLY"(L™™L))'(LTRL)\LTP= (K ~'M)'K~'P
i=0,1, -+, p
VL[(LTRL)~Y(L™™ML)|(LTRLY~'L[T= V(K 'M)'K !
i - Oy la o q
Therefore,
VL[(LTRLY-ML™™ML)|(LTRL)'LTP=V(K~'M)'K~'P
fori=0,1,2, ---,p+g+1. |
The Lp and Ly matrices in the theorem are the generalized
controllabilty and generalized observability matrices of the
system [Eq. (10)]. For the purpose of response simulation
only, we can choose L to be the d portion of Ls. For control
applications, as will be shown in Sec. III, it is desirable to
construct a reduced-order model without control or observa-
tion spillover. Therefore, the following algorithm is proposed:

Algorithm:
1) Starting vector:

Qf=03=0
R¢=K-'P
P= linearly independent portion of
[PVT WIM-'WT))
= —M-\WT
(ROTKRy= UL U (singular-value decomposition)

Of=REUL; " (Qf normalized w.r.t. K)

01 =Ry UE; "

2) Forj=1,2, ..., k—1, repeat:

Rf= —K-'DQ{ ~K-'MQ}
J 9 9 }(new vector)

= de
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Fori=1, 2, ..., j, repeat:

o;=(Q)TKR/
Rf=R/-Qfa; t(orthogonalization)
R/=R}-Q}a;
end;

(R jj)TKR}’ =U;L; UjT (singular-value decomposition)

de+ 1= Rjd U; Ej_ ”
=Ry

end;

3) Form the k-block projection matrix

L=[g of of - 0

In the preceding algorithm, the starting vectors are chosen to
produce a K-normalized L matrix and a transformed system
equation with force and sensor distribution matrices having
nonzero elements only in the first block. This special form of
the transformed system equation has one major advantage in
control applications, which will be discussed in Sec. III. The
size of the block can be reduced if the actuator/sensor alloca-
tion is designed to be collocated, since P is the linearly inde-
pendent portion of [P VT WT (M~1WwT)].

The reduced-order model is guaranteed to be stable if the
damping matrix is positive definite. This can be proved by the
Lyapunov theorem,'* which says that if a positive-definite
function U, which is a function of the system states, can be
found such that U is negative-definite, then the system is
asymptotically stable if the system is controllable. If we define
the Lyapunov function U of the reduced system as the sys-
tem’s total energy

U =(1/2)[(LTML)% +X"(LTKL)x]|
then,
U=%T(LTMLX+ LTKL%)= —XTLTDL%¥<0

if D is positive-definite. The U =0 holds only if L¥=0 or =0,
since L contains linearly independent vectors. This may occur
at some discrete instants of time but not over any finite interval
of time, no matter how small. Therefore, the system energy
decreases with time and eventually approaches zero. The re-
duced system is asymptotically stable.

HI. Control of Flexible Structures

A major difficulty in the control of flexible structures comes
from the spillover of control energy, which is a direct result of
model order reduction. !’ Because of the distributed-parameter
nature of flexible-structure systems, a distributed control the-
ory together with distributed actuator and sensor systems
would be required to exactly implement the control. However,
most actuator and measurement hardware is discrete by na-
ture, and only in rare cases can we write down the partial
differential equations of motion for the structures, since most
structures have very complicated geometry. Hence, in most
cases, model reduction is inevitably introduced at the very
beginning stage when the continuous system is modeled as a
discrete system by using some discretization approach, for
example, the finite element method. In addition to modeling,
there is another necessity for order reduction due to the limita-
tion of computer capacity and economy. Usually the finite
element model of a real structure has thousands of degrees of
freedom. Such a model is neither computationally economical
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nor ‘‘Riccati-solvable’’ for the controller design. Therefore, a
further model reduction of the mathematical model is indis-
pensable. But, when a controller that is designed based on the
reduced model is applied to control the real structure, spillover
of one form or another resulits. :

A. Characteristics of Spillover

Let a structural dynamics system be partitioned into two
subsystems, a controlled subplant and a residual subplant, in
the form

2 )12 4
M, M,](x, D,. D, xrj
< 1
+ =] “tu
K, K, |(x P,
y=1V. m[‘”}HWc er{’:“} (16)
X)) %,

with subscripts ¢ and r denoting controlled and residual sub-
plant, respectively. Here the x, and x, vectors can be in physical
coordinates or some generalized coordinates. The controlled
subplant, for which the controller is designed, is

M. X.+D x.+K.x.=P.u
Ye=Vexe + Wex: 17)

A general dynamic output feedback controller for the con-
trolled subplant has the form

g=Aq+By,

u=Gq (18)

in which the controller system matrices A, B, and G are the
design parameters. Note that the controller design is based on
Y, the output of the controlled subplant, although the actual
measurement available is y . The controller is designed to stabi-
lize the controlled subplant by using some existing control
approach, for example LQ optimal control theory. If the size
of the g vector is twice the x, vector, it is the case of full-order
state feedback.

Now, if the controller is applied to the full-order system,
Eq. (16), the augmented closed-loop system can be described
by the following first-order form:

_ 1A
0 0 : O q
o I 0 0 ||%
0 M, D, M, D.||x
< >
0 0 0 o I||%
0 M, D, M, D, ||x
L JC )
i 1r A
A BW, BV, i BW, BV, || g
o I 0 : 0 0 X
PG 0 -K. i 0 —-K,|]|«x
=|° ‘ T a9y
0 o0 0 : I 0 X,
PG 0 —K. : 0 <=K/||=x
L % B J

From the preceding expression, we see that although the con-
troller is intentionally designed to control the ¢ subplant and



264 T.-J. SU AND R. R. CRAIG JR.

leave the r subplant undisturbed, there are three channeis
through which the control energy is spilled over into the resid-
ual subplant. These three spillover factors are depicted in
Fig. 1 and can be clearly identified in Eq. (16). Balas termed
the P, submatrix the control spillover factor, through which
the control input  goes directly into the r subplant; ¥V, and W,
submatrices are the observation spillover terms, through
which the measurement y is contaminated by the output from
the r subplant. The third factor, recently referred to by Yam et
al.!é as the dynamic spillover, is due to the coupling subma-
trices M., M,., D, D,., K., and K,.. All three types of
spillover have an effect on the closed-loop performance and
stability.

Suppose there exists a coordinate transformation such that
the aforementioned three spillover factors are eliminated.
Then the closed-loop poles would be simply the union of the
two diagonal submatrices in Eq. (19), i.e., the union of the
poles of the closed-loop ¢ subplant and the open-loop poles of
the undisturbed r subplant. But this favorableé situation occurs
only when the full-order system is not a minimum realization
or, in other words, it is not fully controllable and/or not fully
observable. For instance, if the actuator and sensor distribu-
tion is in a configuration of the shape of some normal modes,
then those corresponding modes can be controlled indepen-
dently and leave the other modes undisturbed. However, this
actuator/sensor configuration requires an infinite number of
actuators and sensors and is not practical. In the usual case,
there generally exists some spillover. The closed-loop poles,
then, are perturbed from the designed locations by the non-
zeros in the off-diagonal submatrices in Eq. (19). For instance,
if the system is described in normal coordinates, which are
commonly used, then the augmented closed-loop system equa-
tion, with the assumption that damping is proportional and
D, =D, =0, is in the form ’

r T 0
q
I %
¢ X
< r
0 1 X,
0 Lx,
L J J
r T ' Y
A BW,. BV, BW, BV,| | q
0 I 0 : 0 0 %
PG 0 - : 0 0 x,
= < e
0 0 0 : I 0 X,
PG 0 0 : 0 -9 |x
L 4 J

in which' P,G, BV,, and BW,, the control and observation
spillovers, are responsible for the pole perturbation. Although
either control spillover or observation spillover alone has no
effect on closed-loop stability, the existence of either of them
can degrade the controller performance. Balas showed in
Ref. 15 that the combined effect of control and observation
spillover usually degrades the performance of the controller
and sometimes can destabilize the closed-loop system. This can
be effectively explained by the fact that large perturbation may
move some of the poles to the right half plane.

Recently, Yam et al.!® proposed a flexible system model
reduction approach based on actuator and sensor influence
functions. The transformed system equation is free from con-
trol and observation spillovers but has dynamic coupling. The
advantage is that, unlike the normal mode formulation, the
design parameter B and G matrices do not enter the perturba-
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tion, though the closed-loop system is still coupled by the
dynamic spillovers M,,, D,,, and K,. In this case, a perturba-
tion technique can be used effectively to study and estimate the
closed-loop stability without the design parameters complicat-
ing the analysis. However, one feature of Yam’s formulation
that is not appealing is that the transformation has no physical
significance and seems somewhat artificial. Besides, there is a
shortage of certainty about the smallness of the dynamic
spillover. Here, we propose a Krylov formulation for the con-
trol of flexible structures, which has some characteristics sim-
ilar to Yam’s formulation but which also has strong physical
motivation.

B. Krylov Formulation for Contrel of Flexible Structures

As mentioned in Sec. II, the Krylov reduced model not only
preserves the low-frequency moments but also presents the
following attractive form

[ S 216
oo -

y=[V. 0 {x} +W, 0] H 20)
X, X

T.

where

Po=[P[ 0 - 0T, V.=[V1 0 - 0]

W.=[Ww; 0 - 0]

There is no control or observation spillover in the transformed
system equation. For general symmetric damping, the trans-
formed mass and damping matrices are, in general, full; how-
ever, experience so far indicates that the coupling is usually
small. Reference 17 has an example to show that the dynamic
coupling in the Krylov formulation is small.

When Eq. (20) is combined with the feedback controller,
Eq. (18), the augmented system can be expressed by

- N
0 0 : 0 o|]|4q
0 I 0 0 X
MC D‘- Mcr Dcr x(.‘
< q
0 0o : 0 I X,
MI'L‘ ch E MI‘ Dr xr
L A ~
r _1 . I
A BW, BV. : 0 0]]gq
0 I 0 0 X
PG O - : 0 O X,
= i \ 3))
i I 0 X,
0 i 0 T X,
L [ N

which, like Yam’s formulation, is coupled only by dynamic
spillover.

IV. Examples

A. Model Reduction Example

The example considered is a plane truss structure similar to
the one in Ref. 3 but on a smaller scale (see Fig. 2). The
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Controller [ x10-7
8 T T T . -
Controlled .
[__’ Subsystem —1 6l | —— Full-order model |
Dynamic - - - Reduced-order model
Actuator {Spillover Sensor
‘_. Residual \_1
Control |Subsystem{ Observation
Spillover Spillover

Fig. 1 Characteristics of spillover.

fe———2615-30 ——|
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8@3.75=30 _’I
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T T TR
) pA=1.6E+04 EA=8.0E+10 v
Fig. 2 Details of plane truss structure for model reduction example.

x10-7 N

8 T T T r T
6L f —— Full-order model
- - - Reduced-order model

%
3
3
[
2}
(a)

-6 : 1 L ) )

0 0.1 0.2 0.3 0.4 0.5 0.6

TIME
Fig. 3 Impulse response: eight normal modes and exact solution.

structure has 48 degrees of freedom and has a force actuator
at f and a displacement sensor at d. The structure geometry is
designed to provide closely spaced eigenvalues. A formula in
Ref. 18 is used to generate a generalized proportional damp-
ing matrix such that modes 1-5 have a 3% damping ratio,
modes 6-10 have a 5% damping ratio, and the remain-
ing higher modes have successively higher damping. The struc-
ture is reduced to eight degrees of freedom by using eight
Krylov vectors based on the algorithm in Sec. II. In this case,
the reduced-order model matches the low-frequency moments
V(R -'M)K-'P, for i=1, 2, ..., 7, of the full-order struc-
ture. The other reduced-order model, obtained by using eight
undamped Krylov vectors based on an algorithm for un-
damped systems,® is also examined. Figures 35 compare the
accuracy of the impulse response of the normal-mode reduced

DISPLACEMENT

n L

N 02 03 0.4 0.5 0.6
TIME

Fig. 4 Impulse response: eight damped Krylov modes and exact solu-
tion,

x10-7
12 T T T T T
10F i —— Full-order model
EE - - - Reduced-order model
sk .

é
)
=
12|
[a)

-6 1 X L N )

0 0.1 02 0.3 0.4 0.5 0.6

TIME

Fig.5 Impulse response: eight undamped Krylov modes and exact
solution. ‘

model, the damped Krylov reduced model, and the undamped
Krylov reduced model. It is seen that for this example the
normal-mode reduced model and the damped Krylov reduced
model have about the same accuracy, while the undamped
Krylov reduced model is poor. The eigenvalues of the full-
order system and the reduced-order models are compared in
Table 1.

B. Flexible Structure Control Example

The example considered is a 20 degree-of-freedom lightly
damped plane truss structure as shown in Fig. 6. The damping
matrix is proportional such that modes 1-5 have a 0.1% damp-
ing ratio, modes 6-10 have a 0.2% damping ratio, and the
remaining higher modes have successively higher damping up
to about 0.5%. A force actuator is located at f and a displace-
ment sensor is located at d. The actuator is contaminated by
a zero-mean white noise with intensity 10~3. The sensor is
contaminated by a zere-mean white noise with intensity 10~ 12,
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Table 1 Eigenval_ues of full-order system and reduced-order models of model reduction example

Full-order system

Damped Krylov

Undamped Krylov

real imaginary real imaginary real imaginary
—5.80579E—1 1.93439E +1 —5.80579E—1 1.93439E +1 —5.80579E—1 1.93439E +1
~1.76955E+0 5.89584E+1 —1.76955E+0 5.89587E+1 —1.76955E+0 5.89583E+1
—3.05172E+0 1.01678E+2 ~3.29455E+0 1.09487E+2 —3.24649E+0 1.05983E +2
~3.27286 E+0 1.09046E + 2 —4.56416E+0 1.34403E+2 —3.27363E+0 1.09065E +2
. —4.22447E+0 1.40752E +2 —8.02594E+0 1.66038E +2 —9.30531E+0 1.85965E+2
—8.18679E +0 1.63531E+2 —9.10266E + 0 1.92236E +2 —1.21170E+1 2.30196E+2
—9.29019E+0 1.85571E+2 —1.51837E+1 2.59751E+2 —1.90894E + 1 2.91242E+2
—1.02178E +1 2.04099E +2 ~1.63597E+1 2.69795E+2 —2.40600E + 1 3.26846E +2
—1.02499E +1 2.04742E+2
—1.12160E+1 2.24039E +2
—1.23965E+1 2.35503E+2
—1.33062E +1 2.43967E +2
—1.36286E +1 2.46896E+2
—~1.36956E +1 2.47500E +2
—1.38840E +1 2.49191E+2
~1.40794E + 1 2.50933E+2
x103
Table 2 Stability of the controllers 1.2 , : .
Controller p=0.05 0.1 0.5 1.0 5.0 10.0 50.0 100.0 500.0
K2 u? u u u s S S S s o Full-order optimal |
K4 u s 8§ S8 8 5 s 5 s 1 * N6 controller
K6 Sb S 8§ S S S S S S 3 x K6 controller
K8 U S S S8 S S S S S L + K4 controller
K10 S s S S S S S S S e L, 4
n  08F% ‘
N2 Uu U U U U U s S S S i
N4 u U U U U U § s S .
N6 U U U U S s S s S 8 |
N8 S s s s s s S s S E 06 iy
N10 S S S 8 s s s s 8 é S
2U =unstable closed-loop system. °S=stable closed-loop system. 8 0.4 [
= "
................................... Koererenaraiennd]
f d 02} ]
t t
" 0 .
g ¢ 0 05 1 15 2
j¢e——— 6@40=240 —-—si
CONTROL COST x10+4

pA=1 EA=1.0E+5

Fig. 6 Details of plane truss §lructure for control example.

The structure is reduced to low-order models by using either
damped Krylov modes or normal modes: five Krylov reduced
models with order 2, 4, 6, 8, and 10, respectively, and five
normal-mode reduced models with order 2, 4, 6, 8, and 10,
respectively. Based on each reduced-order model, a Linear
Quadratic Gaussian (LQG) control design is carried out to
minimize the performance index ;

J 1 1' T : T T
=3 lim E (X Mk +xTK.x. +puTu)
in which the first two terms represent the total energy of the
reduced system, and the third term represents the control cost.
A positive scalar p is used to adjust the relative weighting of the
regulation cost and control cost penalties. Overall controller
authority, actuator mean-square force levels and controller
bandwidth are all inversely proportional to p. The value of p
was varied from 0.05 to 500 to study the closed-loop stability
and controller performance. All the calculations and designs
were performed by using the CTRL-C package run on a VAX
computer. The results are summarized by Table 2 and Fig. 7,
in which K2 stands for the controller designed based on the '

Fig. 7 Performance plot.

second-order Krylov reduced model, N2 stands for the con-
troller designed based on the second-order normal-mode re-
duced model, and so on. From Table 2, it is seen that con-
trollers designed using normal-mode reduced models are more
likely to cause closed-loop instability than controllers designed
using Krylov reduced models, especially when the controller
bandwidth is large (small p) and the order of the reduced
model is low. The performance of the controllers is presented
in Fig. 7, which shows the regulation cost

J.= }im E [x"Mx+xTKx]

as a function of the control cost
Jo= tlim E[uTu)

(obtained by varying p). It is seen that the K6 controller has a
performance very close to that of the full-order optimal LQG
controller. The N6 controller, which fails to yield stable design
for p<5.0, has a performance not very much better than that
of the K4 controller. Performance curves of K8, K10, N8, and
N10 are all very close to the optimal one and, hence, are not
shown in Fig. 7.
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V. Conclusions

Krylov vectors and the concept of parameter matching are
combined together to develop model reduction algorithms for
structural dynamics systems. The Krylov reduced models ob-
tained are shown to have a promising aspect in the application
to control of flexible structures. The formulation based on
Krylov vectors can eliminate control and observation spill-
overs while leaving only the dynamic spillover terms to be
considered. Two examples, one model order reduction exam-
ple and one flexible structure control example, are provided to
show the efficacy of the Krylov method.
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